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Abstract

The paper deals with some generalizations of Fibonacci and Lucas sequences,
arising from powers of paths and cycles, respectively.

In the first part of the work we provide a formula for the number of edges of
the Hasse diagram of the independent sets of the h'" power of a path ordered by
inclusion. For h = 1 such a diagram is called a Fibonacci cube, and for A > 1
we obtain a generalization of the Fibonacci cube. Consequently, we derive a
generalized notion of Fibonacci sequence, called h-Fibonacci sequence. Then,
we show that the number of edges of a generalized Fibonacci cube is obtained
by convolution of an h-Fibonacci sequence with itself.

In the second part we consider the case of cycles. We evaluate the number
of edges of the Hasse diagram of the independent sets of the h'" power of a
cycle ordered by inclusion. For h = 1 such a diagram is called Lucas cube,
and for h > 1 we obtain a generalization of the Lucas cube. We derive then a
generalized version of the Lucas sequence, called h-Lucas sequence. Finally, we
show that the number of edges of a generalized Lucas cube is obtained by an
appropriate convolution of an h-Fibonacci sequence with an h-Lucas sequence.

Keywords: independent set, path, cycle, power of graph, Fibonacci cube,
Lucas cube, Fibonacci number, Lucas number,
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1. Introduction
For a graph G we denote by V(G) the set of its vertices, and by E(G) the
set of its edges.
Definition 1.1. For n,h > 0,
(i) the h-power of a path, denoted by Pslh), is a graph with n vertices vy, vg,

..., Uy such that, for 1 <4,j <mn, i # j, (v;,v;) € E(Pglh)) if and only if
=il <k
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(ii) the h-power of a cycle, denoted by C%h), is a graph with n vertices vy, va,
..., Uy such that, for 1 <4,j <mn, i # j, (v;,v;) € E(Cglh)) if and only if
l7—i <hor|j—il>n—h.

Thus, for instance, PS” and Cslo) are the graphs made of n isolated nodes,
PSP is the path with n vertices, and CﬁP is the cycle with n vertices. Figure 1
shows some powers of paths and cycles.
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Figure 1: Some powers of paths and cycles.

Definition 1.2. An independent set of a graph G is a subset of V(G) not
containing adjacent vertices.

Let H%h )7 and Mﬁﬁ ) be the Hasse diagrams of the posets of independent sets
of P%h), and C&h), respectively, ordered by inclusion. Clearly, Hﬁf) ~ Mﬁf) isa
Boolean lattice with n atoms (n-cube, for short).

Before introducing the main results of the paper, we now provide some back-
ground on Fibonacci and Lucas cubes. Every independent set S of P can be
represented by a binary string b1by - - - b, where, for i € {1,...,n}, b; = 1 if
and only if v; € S. Specifically, each independent set of Pﬁf) is associated with
a binary string of length n such that the distance between any two 1’s of the
string is greater than h. Following [10] (see also [7]), a Fibonacci string of or-
der n is a binary strings of length n without consecutive 1’s. Recalling that the
Hamming distance between two binary strings « and § is the number H («, 8) of
bits where o and g differ, we can define the Fibonacci cube of order n, denoted
T, as the graph (V| E), where V is the set of all Fibonacci strings of order n
and, for all a, 8 € V, (o, ) € E if and only if H(a, ) = 1. One can observe
that for A = 1 the binary strings associated with independent sets of PS{’ ) are
Fibonacci strings of order n, and the Hasse diagram of the set of all such strings
ordered bitwise (i.e., for S = biby---b, and T = c¢1ca- - ¢, S > T if and only
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if b; > ¢;, for every i € {1,...,n}) is I',,. Fibonacci cubes were introduced as
an interconnection scheme for multicomputers in [3], and their combinatorial
structure has been further investigated, e.g. in [8, 10]. Several generalizations
of the notion of Fibonacci cubes has been proposed (see, e.g., [4, 7]).

Remark. Consider the generalized Fibonacci cubes described in [4], i.e., the
graphs B,,(«) obtained from the n-cube B,, of all binary strings of length n by
removing all vertices that contain the binary string a as a substring. In this
notation the Fibonacci cube is B,,(11). It is not difficult to see that H'" cannot
be expressed, in general, in terms of B,,(«). Instead we have:
H? = B,(11) nB,(101), HY =B, (11) N B,(101) N B,,(1001), ...,

where B,,(a) N B, (3) is the subgraph of B,, obtained by removing all strings
that contain either a or .

A similar argument can be carried out for cycles. Indeed, every independent
set S of C%h) can be represented by a circular binary string (i.e., a sequence
of 0’s and 1’s with the first and last bits considered to be adjacent) bibs - - - b,
where, for ¢ € {1,...,n}, b; = 1 if and only if v; € S. Thus, each independent
set of Cslh) is associated with a circular binary string of length n such that the
distance between any two 1’s of the string is greater than h. A Lucas cube
of order n, denoted A, is defined as the graph whose vertices are the binary
strings of length n without either two consecutive 1’s or a 1 in the first and in
the last position, and in which the vertices are adjacent when their Hamming
distance is exactly 1 (see [9]). For h = 1 the Hasse diagram of the set of all
circular binary strings associated with independent sets of CE{” ordered bitwise
is A,,. A generalization of the notion of Lucas cubes has been proposed in [5].

Remark. Consider the generalized Lucas cubes described in [5], that is, the
graphs B, (@) obtained from the n-cube B,, of all binary strings of length n by
removing all vertices that have a circular containing « as a substring (i.e., such
that « is contained in the circular binary strings obtained by connecting first
and last bits of the string). In this notation the Lucas cube is B,,(11). It is not
difficult to see that M%h) cannot be expressed, in general, in terms of B, (@).
Instead we have:

M =B, (11) N B,(101), MY = B,,(11) n B, (101) N B,,(1001), ...

To the best of our knowledge, our H%h), and M%h) are new generalizations
of Fibonacci and Lucas cubes, respectively.

In the first part of this paper (which is an extended version of [1] — see
remark at the end of this section) we evaluate p%h), i.e., the number of inde-
pendent sets of P%h), and H,(Lh), i.e., the number of edges of Hgl). We then
introduce a generalization of the Fibonacci sequence, that we call h-Fibonacci
sequence and denote by F(") . Such integer sequence is based on the values of
p;’”. Our main result (Theorem 3.4) is that, for n, h > 0, the sequence g is
obtained by convolving the sequence F with itself.

In the second part we deal with power of cycles, and derive similar results



for this case. Specifically, we compute cﬁﬁ% i.e., the number of independent sets

of G, and M, i.e., the number of edges of M. Further, we introduce a
generalization of the Lucas sequence, that we call h-Lucas sequence and denote
by £, Such integer sequence is based on the values of cE{‘). The analogous of
Theorem 3.4 in the Lucas case (Theorem 5.4) states that, for n > h > 0, the
sequence Mflh) is obtained by an appropriate convolution between the sequences
F) and £,

Remark. As mentioned before, this work is an extended version of [1]. (The
extended abstract [1] has been presented at the conference Combinatorics 2012,
Perugia, Italy, 2012, and consequently published in ENDM.) Specifically, Section
2 of the present paper is [1, Section 2] enriched with some details and full proofs,
while Section 3 is [1, Section 3], with corrected notation and some remarks
added. Lemma 3.1, Lemma 3.2, and Theorem 3.4 have remained as they were
in [1]: we decided to keep full proofs of these results, to make the content clearer
and in order for the paper to be self-contained.

2. The independent sets of powers of paths

For n,h,k > 0, we denote by pihl)ﬂ the number of independent k-subsets of

P,
(1)

Remark. p, ; counts the number of binary strings o € I';, with £ 1’s.

Lemma 2.1. Forn,h,k >0,

() n—hk+h
pn,k = k .

This is Theorem 1 of [2]. An alternative proof follows.

Proof. By Definition 1.2, any two elements v;, v; of an independent set of Pslh)
must satisfy |j—i| > h. It is straightforward to check that whenever n—hk+h <
0, p;hll =0= ("_}zﬂ'h). It is also immediate to see that when n = h = 0 our
lemma holds true.

Suppose now n — hk + h > 0. We can complete the proof of our lemma by
establishing a bijection between independent k-subset of P%h) and k-subsets of
a set with (n — hk + h) elements. Let X be the set of all k-subsets of a set
B = {b1,ba,...,bp_pk+n}, and Iy the set of all independent k-subsets of PS[”.
Consider the map f : X — Zj such that, for any S = {b;,,bi,,...,0;,} € K,
with 1 <141 <9 < - <1 <n—hk+h,

f({bilabi27 RN} bij7 BREE) bik}) = {Uilavi2+h7 s Vi (G—1)hy - - o /Uikfl»(kfl)h} .

Claim 1. The map f associates an independent k-subset of P;h) with each
k-subset S = {b;,,biy,..., b } € X .



To see this we first remark that f(5) is a k-subset of V(P%h )). Furthermore,
for each pair b;;,b € S, with £ > 0, we have

T+t
ijre+ G+t —1)h— (i +(J — 1)h) =ij44 —i; +th > h.
.. h
Hence, by Definition 1.1, (f(b;,), f(bi;,.)) = (Vi,+(j—1)h> Vijs 4+ (i+t-1)h) E(Pgt )).
Thus, f(5) is an independent set of Pﬁ[”.
Claim 2. The map f is bijective.
It is easy to see that f is injective. Then, we consider the map f~!: 7, — K
such that, for any S = {v;,, iy, ..., 0, } €Z, with 1 < iy <o < -+ < i < n,
fﬁl({viuviza s ,’Ui]., s 7vik}) = {bilvbiz—hy ) abijf(jfl)ha ceey bikf(kfl)h} .

Following the same steps as for f, one checks that f~' is injective. Thus, f is
surjective.

We have established a bijection between independent k-subsets of PL") and
k-subsets of a set with (n — hk + h) > 0 elements. The lemma is proved. O
gh])c are shown in Tables 1-3 (Section 6). The coefficients pgh,)c

also enjoy the following property: pglh,)c = pgl:klil i

Some values of p

For n, h > 0, the number of independent sets of Pg,h) is

W =3"p" = =y i

[n/(h+1)] ) [n/(h+1)] (n—hk+h)
k>0 k=0 k=0

Remark. Denote by F, the n'" element of the Fibonacci sequence: F; = 1,
F,=1,and F; = F;_1 + F;_», for i > 2. Then, p%l) = F, 42 is the number of
vertices of the Fibonacci cube of order n.

The following, simple fact is crucial for our work.

Lemma 2.2. Forn,h >0,

Pn’ =9 (h) (h) .
Doy +D0p oy o n>h+1.

A proof of this Lemma can also be obtained using the first part of [2, Proof
of Theorem 1].

Proof. For n < h + 1, by Definition 1.2, the independent sets of Pﬁ{’) have no
more than 1 element. Thus, there are n 4+ 1 independent sets of Pﬁf).

Consider the case n > h + 1. Let Z be the set of all independent sets of
P%h), let Z;, be the set of the independent sets of P%h) that contain v,, and
let Zoyt = Z \ Zin- The elements of Z,,; are in one-to-one correspondence
with the p(h)1 independent sets of p

N n—_1, and those of Z;, are in one-to-one
correspondence with the p,”, ; independent sets of Pg? he1- O

(h)



Tables 4 displays a few values of pglh).

3. Generalized Fibonacci numbers and generalized Fibonacci cubes

Figure 2 shows a few Hasse diagrams H'". Notice that, as stated in the
introduction, for each n, H%l) is the Fibonacci cube I',,.

Figure 2: Some H;’”.

Let H,(Lh) be the number of edges of HS‘). Noting that in HS” each non-
empty independent k-subset covers exactly k independent (k — 1)-subsets, we
can write

[/ (h+1)] [/ (h1)]
h n—hk+h
HM = N k= > k( . ) : (1)
k=1 k=1

Remark. Hfll) counts the number of edges of T',,.

Let now T(n ") be the number of independent k-subsets of P%h) containing

(h) _ p(h) if n<O0
the vertex v;, and let, for h,k >0, n € Z, p,, }, = ?,15 ) ’
P if n>0.

n,k
Lemma 3.1. Forn,h,k >0, and 1 <1i <n,

(n,h) _(h)
Tk, szhlrpnzhkl'r'

Proof. No independent set of Pflh) containing v; contains any of the elements
Vihy .-y Vi—1,Vit1s- .., Virh. Let r and s be non-negative integers whose sum
is k — 1. Each independent k-subset of P%h) containing v; can be obtained by
adding v; to a (k — 1)-subset R U S such that

(a) R C {v1,...,v;—p—1} is an independent r-subset of Pﬁ[”;

(b) S C {vith+t1,-.-,vn} is an independent s-subset of P,

Viceversa, one can obtain each of this pairs of subsets by removing v; from
an independent k-subset of PS[‘) containing v;. Thus, T,Sz’h) is obtained by
counting independently the subsets of type (a) and (b). The remark that the
subsets of type (b) are in bijection with the independent s-subsets of P

n—i—h
proves the lemma. O



Remark. Tliz_»l) counts the number of strings & = b1by - - - b, € T, such that: (i)
H(a,00---0) =k, and (ii) b; = 1.

In order to obtain our main result, we prepare a lemma.

Lemma 3.2. For positive n,

[n/(h+1)] n

RN SETCRTCS
k=1 i=1 ’

Proof. The inner sum counts the number of k-subsets exactly &k times, one for
each element of the subset. That is, Y ., T,g?;’h) = k:pSLI)c Hence the lemma
follows directly from Equation (1). O

Next we introduce a family of Fibonacci-like sequences.

Definition 3.3. For h > 0, and n > 1, we define the h-Fibonacci sequence
F® = {F"™}, 5, whose elements are

) 1h . if n<h+1,
" FP 4™ i n > h+1
The first values of the h-Fibonacci sequences, for h € {1,...,10}, are shown

o

in Table 5. From Lemma 2.2, and setting for h > 0, and n € Z, D

{p(()h) if n<o,

) . we have that,
pn’ if n >0,

Fi(h) = pl(,'i)h_l , foreach i>1. (2)

Thus, our Fibonacci-like sequences are obtained by prepending A 1’s to the

sequence péh), pgh), ... . Therefore, we have:

e FO =124, ... 27 . .;
e FU) is the Fibonacci sequence;
e more generally, F(") =1,.. ., l,péh),pgh),pgh), e
——
h

In the following, we define the discrete convolution operation *, as follows.

(]:(h) * ]-"(h)) (n) = Zn: Fi(h)F:i)i+1 (3)

i=1

Theorem 3.4. For n,h > 0, the following holds

HY = (]—"(h) * ]-'(h)) (n).



Proof. Thesum ), " M/ ht1)] T(n ") counts the number of independent sets of P( )
containing v;. We can albo obtaln such a value by counting the independent sets

of both {v1,...,v;—p—1}, and {virpt1,...,v,}. Thus, we have:
s (n,h) (h) (h)
Z Tk,i) _i)z h— lpn h—i "
k=1

Using Lemma 3.2 we can write

[n/(h+1)] n n [n/(h+1)]

HT(lh) - Z ZTkn ) _ Z Z T(n h) _ Zpgh)h 1p£7h)h ..

=1 k=1

By Equation (2) we have Y " 1p1 h 1pn hi = > F; h)Fnh)H_l By (3), the
theorem is proved. O

We display some values of HS") in Table 6 (Section 6).

Remark. For h = 1, we obtain the number of edges of I',, by using Fibonacci
numbers:

H{Y = ZFz‘Fnﬂ‘H :
i=1
The latter result is [6, Proposition 3].

4. The independent sets of powers of cycles

For n,h,k > 0, we denote by cflh,)c the number of independent k-subsets of
C(h)
Remark. Forn > 1, chL counts the number of binary strings o € A,, with k 1’s.

Lemma 4.1. Forn,h >0, and k > 1,

C(h) n—hk—1
n,k T ]{) E—1 '
(h)

Moreover, c, =1, and cfﬂ =n, for each n,h > 0.

Proof. Fix an element v; € V(C%h))7 and let n > 2h. Any independent set
of C%h) containing v; does not contain the h elements preceding v; and the
h elements following v;. Thus, the number of independent k-subsets of C%h)

containing v; equals
(h) n—hk—1
Pplon—1k—1~ E—1 :

The total number of independent k-subsets of Cﬁﬁ) is obtained by multiplying
pih_)%_l x_1 by m, then dividing it by k (each subset is counted k times by the
previous proceeding). The case n < 2h, as well as the cases kK = 0,1, can be

easily verified. O



(h
n1

Some values of ¢ ])c are displayed in Tables 7-9.

For n,h > 0, the number of all independent sets of C%h) is
[n/(h+1)]
A== D 4
k>0 k=0

Remark. Denote by L,, the nt" element of the Lucas sequence L1 =1, Ly = 3,
and L; = L;_1 + L;_», for i > 2. Then, for n > 1, cg) = L,, is the number of
elements of the Lucas cube of order n.

Some values of c%h) are shown in Table 10. The coefficients cSLh ) satisfy a

recursion that closely resembles that of Lemma 2.2.

Lemma 4.2. Forn,h >0,

n+1 if n<2h+1,
P = (h) (h) ) (5)
cpl1 ey 1 if n>2h+ 1.

Proof. The case n < 2h + 1 can be easily checked. The case 2h +1 < n <
3h + 2 is discussed at the end of this proof. Let n > 3h + 2, and let Z be
the set of the independent sets of CS{”. Let Z;,, be the subset of these sets
that (i) do not contain v,, and that (ii) do not contain any of the following
pairs: (v1,Vn—n), (V2,Vn—p+1),--, (Un,Vn—1). Let then Z,,; be the subset of the
remaining independent sets of CE{”.

It is easy to see that the elements of Z;,, are exactly the independent sets of

(h)

Cflhjl. Indeed, v, is not a vertex of C,’; and the vertices of pairs (vy,v,_p),

(v2, Vn—ht1)s - -5 (Un, 1) are adjacent in ngl. On the other hand, to show
that

h
| Zout| = ng—)h—l

we argue as follows. First we recall (see the proof of Lemma 4.1) that the number
of independent k-subsets of C%h) that contain v,, is p;hf)zhfl’ w_1- Secondly

we claim that the number of independent k-subsets of CS{” containing one of
the pairs (v1,vn—n), (V2,Vn—n+1)s -+ (Vn,Un—1) i8 hpflhjgh72 x_o- To see this,
consider the pair (v1,v,-p). The independent sets containirig such a pair do
not contain the h vertices from v, — h 4+ 1 to v,, do not contain the h vertices
from vy to vp41, and do not contain the h vertices from v,_op to Vy_p—1.
Thus, the removal of such vertices and of the vertices vy and v,,_j; turns C%h)

into Pgﬂf?)hfz. Hence we can obtain all the independent k-subsets of C%h) that
contain the pair (vi,v,—p) by simply adding these two vertices to one of the
p51’23h—2 x_o independent £ — 2-subsets of P;h_)3h_2. Same reasoning can be

carried out for any other one of the pairs: (vo,vp—pt1), - -+, (Vn, Vn—1).

Using Lemmas 2.1 and 4.1 one can easily derive that

(h) (h) _ (h)
Prlon—1k—1 1T P 3n_0k—2=Cpnn_14-1-



Hence, we derive the size of Z,;:

(h)
| Zout| = C E pn 2h Lk—1 T h E :pn—3h—2,k—2‘
E>1 k>2

Summing up we have shown that |Z| = |Z;| + |Zout|, that is

o) Z o)y )

Cn1 n—h—1"
The proof of the case 2h +1 < n < 3h + 2 is obtained in a similar way,
observing that |Z,ut| =n — h, and that n —h —1 < 2h + 1. O
5. Generalized Lucas cubes and Lucas numbers

Figure 3 shows a few Hasse diagrams M%h). Notice that, as stated in the
introduction, for each n > 1, Mg,,l) is the Lucas cube A,,.

g R

Figure 3: Some Mglh).

Let Méh) be the number of edges of M%h). As done in Section 3 for the case
of paths, we immediately provide a formula for M,Sh):

[n/h+1] /el
=S w0 e

k=0
Remark. For n > 1, M,(Ll) counts the number of edges of A,. As shown in [9,
Proposition 4(ii)], MY =nF,_,.

As shown in the proof of Lemma 4.1, the value

(h) n—hk—1
Ppon—-1,k-1 = E—1

(n h),

is the analogue of the coefficient T, ,”": in the case of cycles we have no depen-

. . . h
dencies on i, because each choice of vertex is equivalent. We can obtain M,(l )
in terms of a Fibonacci-like sequence, as follows.

Proposition 5.1. Forn > h > 0, the following holds

MM =nEM, .

10



Proof. Using Equation (2) we obtain:

&N (h) (h)
M’r(Lh) =n E , Pnlon—1k—1 = NPy op_1 = nk, 7, .
k=1

O
In analogy with Section 3, we introduce a family of Lucas-like sequences.

Definition 5.2. For h > 0, and n > 1, we define the h-Lucas sequence £ =
{Lglh)}nzl whose elements are

h+1 if n=1,

LW ={1 if 2<n<h+1,

LW L™ i n>h+ L

The first values of the h-Lucas sequences, for h € {0,...,10}, are displayed
in Table 11. We have that,

Lgh) = c(}i)l , foreach i>h+1. (7

To prove the main result of this section, the following lemma is needed.
Lemma 5.3. Forn > h >0, the following holds
h h
L, = F® + (h+ 1HE",

Proof. The result is proved by induction on n. Indeed, L521 = L%h) + Lflhj b
Applying the inductive hypothesis, we have

Lifl)l = Fr(z}i)l +(h+1)F7(i)h—1 JrFv(l}i)h—1 JF(hJFl)Fr(i)%—l = FM+ (hJFl)Fr(zfi)h :
O
Finally, our analogous of Theorem 3.4, for cycles, is the following.
Theorem 5.4. Forn > h > 0, the following holds

M = (FO s« £®) (0~ ).

Proof. By Proposition 5.1, the statement of the Theorem is equivalent to

n—h
Z F(h)L(h)

=1

htl—i = "ng)h . (8)

Let h = 0. We have

n n n

ZFZ‘(O)L;O_?J_Z‘ _ Z 2i712n7i _ 227171 _ n2n71 _ TLF#O) )
=1 =1 i=1

11



Let h = 1. In this case the statement of the theorem reduces to the well
known identity involving (classical) Fibonacci and Lucas sequences:

Z FiLn—H—l = (n + 1)Fn .
i=1

Let h > 2. We prove (8) by induction on n. If n = h + 1, then
n—h+1—1

n—h
ST EM L =FMLM = h41=nF".
=1

Let 7 > h 4 1, and suppose (inductive hypothesis) that (8) holds for every
1<n<n. Let m=n— h (and note that m > 2). We need to prove that

m+1

R) 1 (h h
Z Fi( )Lgni»Zfi =(m+h+ 1)F'r(n—|)—1 : (9)
i—1

We find it convenient to define, for h > 2, the following integer sequences, which
extend F,(lh) and leh) to a range of negative integers.

1 if n=-h,

EM = {0 if —h<n<o0, (10)
EM 4+ FM im0
h+1 if n=-h,

, —h if n=—h+1

LM = pno Rt (11)
0 if —h+1<n<0,
LW LW i n>o.

Using Definitions 3.3 and 5.2 one can easily check that, for n > 0, Féh) = F,(Lh),
and L = LV, Hence, applying the recurrences in (10) and (11), we obtain

m+1 m+1

h) r(h (h) 7 (h)
Z Fi( Lmzr%i = Z Fi( Lm+27i =
1=1 =1

m—+1 B ~
= Z Fi(f)ngLL-)‘rl—i + (12)
i=1
m—+1
=(h) 7 (h
+ Z Fi(f)lLEn-)&-l—h—i + (13)
i=1
m—+1
—(h)  7(h
+ Y N L+ (14)
i=1
m—+1
(15)

=(h) 7 (h
+ Z Fi—;z—le-)l—l—h—i'
=1

12



We compute the sums (12)—(15) separately.

Direct computation shows that (12) equals
m—1 B B B B
S FEPLG) + FVLY + FPLYY. (16)
i=1

Applying the inductive hypotheses to the first term of (16), and observing that
Eéh) = F‘O(h) = 0, we obtain that the sum (12) is

(m+h—1F™ (17)

In order to compute (13) we distinguish two cases. If m > h + 1, direct
computation shows that (13) equals

m—h—1
5o EOLO, LRI L EW, IO RD, 0 FRLY). (9
=1
We note that m > h+ 1 > 3. Applying the inductive hypotheses to the first
term of (18), and observing that all other terms are zeroes, except F,(,?)E(fiz =
(h+ l)F,(nh), and F,(:llli(_h,zﬂ = th,(nhll, we obtain that (13) equals
(m—-1)F",  +h+1)FM—nE™M (for m > h+1) (19)

If, on the other hand, m < h+1, we observe that the summands of (13) van-

ish, with the exception of F,(n’"”)ig’,i =(h+ 1)F,§{”, and F&hzlfj(ll,hl = —hFT(nhzl.

Indeed, m > 2. Thus, the sum (13) is

(h+ 1)EM — pF™ (for m < h+1) (20)
A similar argument shows that (14) equals

(m—-1)F", 4+ LW (for m > h+1) (21)

L (for m<h+1) (22)

To calculate (15) we distinguish the four cases m < h, m =h+1, h+1 <
m < 2h+1,and m > 2h + 1. If m > 2h + 1, (15) equals

m—2h—1
(h) 7 (h) 7 (h) z2(h) 7 (h) 7:(h) (h) 7 (h) (h) 7 (h)
Z Fi Lm—2h—i+L—th—h+' : '+LO Fm—2h+F—h Lm—h+' ’ '+‘F() Lm—Qh'
i=1

We note that m — h — 1 > h > 0. Applying the inductive hypotheses to
the first term of the preceding sum, and observing that all other terms are
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zeroes, except ﬂh)ﬁslhzh = (h+ 1)F7§nhlh7 I_,(f,)LHFTSthl = —hFr(:)h 1, and

F(h)Lg;) h= Lfs) h» We obtain that (15) is
(m—h—1)F",, 4+ h+1)F™, —h™ L™ (for m > 2h+1)

(23)

To tackle the other cases, we expand the sum (15), and we check how the non-
zeroes terms change depending on the constraints on m. We obtain that (15)
equals

(h+1)F™ —pp™ (for h+1<m<2h+1) (24)
(h+ 1)F,§flh +L (for m=h+1) (25)
0. (for m < h) (26)

Finally, we add up the four summands (12)—(15), distinguishing the four
identified cases. If m > 2h 4+ 1, we sum (17), (19), (21), and (23), obtaining

m—+1

S EPLOL = =) 4 2m=1)ES (b DES R+

m—h—1
i=1

+ILMW + (m—h-1)F™ 4+ 1)F™, ™ M

m—2h—1
. h h h h
Repeatedly applying the recurrences Fl-( ) = F( ) 1+ F( )7 and Ll(- ) = LQl +

Lgh)h 1> and using Lemma 5.3, we obtain

m—+1

h h
S™ EOLY, = (m+h+ )EL,.
i=1

which proves (8) in the case m > 2h + 1.
If h+1<m<2h+1, wesum (17), (19), (21), and (24), and we obtain

m—h—1

Z LG s = (et h=DED 4 2(m=) B+ (D FD -hELD 4

+ LW + (h+ )EY, —hES, 4+ L0,
Note that, by Definition 3.3, we have F,E}fr)k =k, for k € {1,h + 2}. Moreover,
Fn(qh_) anh)h =1, and, by Definition 5.2, Lgf) » = 1. Applying Lemma 5.3

to Lgn), we obtain
m—+1

ZFz‘(h L0 = (h+ DFW +mF 4 h4 1+ 2m =
=(h+1)(m—-h)+mm—-1—h)+h+1+2m=
—(m+h+1D)(m+1-h) = (m+h+1)FL), .

14



If m=h+1, we sum (17), (20), (22), and (25), obtaining

m-+1
STEMLY, = mah-1)EP, + (h+ )FEW — hE 4

+ LY + (h+ HEW, + LD,

Noting that, by Definition 3.3 and Definition 5.2, B = Fglll == Fl(h) =
1, L = 1, and L(h) ~, = h+1, we have

m4+1
Z Fi(h)LE“r]z)+27i =4h+4=(m+h+1)2=(m+h+ 1)Fr(nh4)-1
i=1

In the last case, if m < h+1, we sum (17), (20), (22), and (26), and we have

m—+1
SEPLYL, o= m+ h = DEW, + (h+ DEP — hEW o+ L0
=1

Proceeding as in the previous case, and recalling that m > 2, we obtain

m—+1
ZF“‘)LJ;LQ i=mAh—1+h+1—h+1=(m+h+1)E" .

In all cases we obtain the desired result, and the proof is complete. O

We display some values of M,Sh) in Table 12.

6. Tables

We collect here some values obtained by computing the formula presented
in the preceding sections.

o

OO OO OO O

9 10 11 12 13 14 15
111 1 1 1 1
9 10 11 12 13 14 15

n

o
—
5o lo
e I |

128 36 45 55 66 78 91
0 35 56 84 120 165 220 286
15 35 70 126 210 330 495
1 6 21 56 126 252 462
0 1 7 28 84 210
0 1 8 36
0 0 0 1

OO OO OO ONHIN

OO OO OO WHlw

OO OO OO Wk Ik

OO OO OO U HWL
S wt

0~ oUW
coocococoooH]|
coococon
coocor

Table 1: The number p( ) of independent k-subsets of P%l)

15



o

OO OO O

9 10 11 12 13 14 15 16
11111 1 1 1
9 10 11 12 13 14 15 16
21 28 36 45 55 66 78 91
10 20 35 56 84 120 165 220

15 35 70 126 210
1 6 21 56
0 0 0 1

=}

coococoo |

-
S I ||
o
Co oo o N—N
Coo0 0O wr|lw
CoO 0O A e
OO OO WL —lu;
coooo oo
_
5N~
—
S 00 |00

S oo
OO O

0 1 5
0 0 0 O
0 0 0 O

=
o
@
[\v}

: The number ps)k of independent k-subsets of Pg)

[en]

10 11 12 13 14 15 16 17

8 9

11111111 1 1
8 9 11 12 13 14 15 16 17
28 36 45 55 66 78 91
10 20 35 56 84 120 165
1 5 15 35 70
00 0 0 1

coococor|
cCoo O R Rr
cooco NN
cCoo o wr|w
cCo ook R
cC oo R w—|lwm
coowo o

Table 3: The number pf’}c of independent k-subsets of Pg)

7 8 9 10 11 12 13

o
~
ot
<)

=

© 00O T W
o

64 128 256 512 1024 2048 4096 8192
34 55 89 144 233 377 610
13 19 28 41 60 88 129 189
10 14 19 26 36 50 69 95
8 11 15 20 26 34 45 60
9 12 16 21 27 34 43
10 13 17 22 28 35
9 11 14 18 23 29
9 10 12 15 19 24
9 10 11 13 16 20
9 10 11 12 14 17

—
D
= W
w N
[\
—

R R R R s R O oW

NNNNNDNNNNNN| -
WWWWWwWwwwwwkN

Cu Ot Ot Ot Ot Ot Ut Ot O o
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0 00 0o 0o 0O

—_
[e=]

4: The number pi{l) of all independent sets of P,Sh)
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sy

9 10 11 12 13 14 15
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ot

=

SO0 o U wN =

N1
N[ 0o

8 256 512 1024 2048 4096 8192 16384
1 34 55 89 144 233 377 610
13 19 28 41 60 88 129
7 10 14 19 26 36 50
11 15 20 26
7 12 16
10
8

o
—
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=
=

—_
w
V)

R R R RFRRFRRFRRFRRFRRFRRFRDN
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3
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1
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=N Wk Ot o
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7
6
5

Table 5: Values of the h-Fibonacci sequence F(7) = {F,(Lh)}nzl
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n=0123 4 5 6 7 8 9 10 11 12 13
h=0] 0 1 4 12 32 80 192 448 1024 2304 5120 11264 24576 53248
1 0 12 5 1020 38 71 130 235 420 744 1308 2285
2 0 123 6 11 18 30 50 81 130 208 330 520
3 0 12 3 4 7 12 19 28 42 64 97 144 212
4 0 123 4 5 8 13 20 29 40 56 80 115
5 0 123 4 5 6 9 14 21 30 41 54 72
6 0 123 4 5 6 7 10 15 22 31 42 55
7 0 123 4 5 6 7 8 11 16 23 32 43
8 0 123 4 5 6 7 8 9 12 17 24 33
9 0 123 4 5 6 7 8 9 10 13 18 25
100 123 4 5 6 7 8 9 10 11 14 19
Table 6: The number H,(lh) of edges of Hglh)
n=0123456 7 8 9 1011 12 13 14 15 16
k=0 1 1111111 1 1 1 1 1 1 1 1 1
1 0 123456 7 8 9 1011 12 13 14 15 16
2 0 0002591420 27 3544 54 65 77 90 104
3 0 000002 7 16 30 50 77 112 156 210 275 352
4 0 000000 O 2 9 2555 105 182 294 450 660
5 0 000000 O O O 2 11 36 91 196 378 672
6 0 000000 O O O O O 2 13 49 140 336
7 0 0000000 O O OO O O 2 15 64
8 0 0O00O0O0O0OO O OOO O O O 0 2

Table 7: The number cSL of independent k-subsets of Cﬁf)

[e=]

10 11 12 13 14 15 16 17

8 9

1111111 1 1 1

8 9 213 14 15 16 17

2 52 63 75 88 102

0 65 98 140 192 255
13 35 75 140 238

0 0 3 16 51

U N~

coococor|
CoOo O R RR
cCooc oM
Coo o wr|lw
cCo ook Rk
oo o wlwm
coowo ~lo

—

Table 8: The number ch)k of independent k-subsets of Cg)

10 11 12 13 14 15 16 17 18

1111111 1 1
14 15 16 17 18
49 60 72 85 99
28 50 80 119 168
0 0 0 4 17 45

B ow N =

cocoor]|
OO O =
O OO NN
OO O WHlw
O O O =
O O O Ut =t
[=NeNeNoN e

Table 9: The number cglg)k of independent k-subsets of CS’)
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n=01234 5 6 7 8 9 10 11 12 13 14 15 16
h=0| 1 2 4 8 16 32 64 128 256 512 1024 2048 4096 8192 16384 32768 65536
1 1 234 7 11 18 29 47 76 123 199 322 521 843 1364 2207
2 1 2345 6 10 15 21 31 46 67 98 144 211 309 453
3 1 2345 6 7 8 13 19 26 34 47 66 92 126 173
4 1 2345 6 7 8 9 10 16 23 31 40 50 66 89
5 1 2345 6 7 8 9 10 11 12 19 27 36 46 57
6 1 2345 6 7 8 9 10 11 12 13 14 22 31 41
7 1 2345 6 7 8 9 10 11 12 13 14 15 16 25
8 1 2345 6 7 8 9 10 11 12 13 14 15 16 17
9 1 2345 6 7 8 9 10 11 12 13 14 15 16 17
10 1 2345 6 7 8 9 10 11 12 13 14 15 16 17
Table 10: The number cﬁf” of all independent sets of Cglh)
n=12345 6 7 8 9 10 11 12 13 14 15
h=0| 1 2 4 8 16 32 64 128 256 512 1024 2048 4096 8192 16384
1 2 134 7 11 18 29 47 76 123 199 322 521 843
2 3 1145 6 10 15 21 31 46 67 98 144 211
3 4 1115 6 7 8 13 19 26 34 47 66 92
4 5 1111 6 7 8 9 10 16 23 31 40 50
5 6 1111 1 7 8 9 10 11 12 19 27 36
6 7 1111 1 1 8 9 10 11 12 13 14 22
7 § 1111 1 1 1 9 10 11 12 13 14 15
8 9 1111 1 1 1 1 10 11 12 13 14 15
9 10 1111 1 1 1 1 1 11 12 13 14 15
1011 1111 1 1 1 1 1 1 12 13 14 15
Table 11: Values of the h-Lucas sequence £(7) = {L%h)}nzl
n=012 3 4 5 6 7 8 9 10 11 12 13 14 15
h=0| 0 1 4 12 32 80 192 448 1024 2304 5120 11264 24576 53248 114688 245760
1 0 02 3 8 15 30 56 104 189 340 605 1068 1872 3262 5655
2 0 003 4 5 12 21 32 54 9 143 228 364 574 900
3 0 000 4 5 6 7 16 27 40 55 84 130 196 285
4 0O 000 O 5 6 7 8 9 20 33 48 65 84 120
5 0 000 O O 6 7 8 9 10 11 24 39 56 75
6 0O 000 O O 0 7 8 9 10 11 12 13 28 45
7 0O 000 O O O O 8 9 10 11 12 13 14 15
8 0O 000 O O O 0 0 9 10 11 12 13 14 15
9 0O 000 O O O O 0 0 10 11 12 13 14 15
10 0 000 O O O O 0 0 0 11 12 13 14 15
Table 12: The number MT(LM of edges of M;h), forn > h
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