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The package poset

è basic features to treat partially              ordered              sets

è enumerate, create, and display monotone                and       regular             partitions of  
partially ordered sets

è deal with the lattices of partitions of a poset

è compute products and coproducts in the category of     partially               
ordered             sets and monotone maps

è compute products and coproducts in the category of    forests (disjoint 
union of trees) and open maps
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Basic features (1)
<< poset.m

? Poset

Poset@relationD and Poset@relationD,vD generate a partially ordered set, represented as a directed graph Hsee
Combinatorica manualL. relation is a set of pairs representing the order relation of the poset Hnot necessarily the entire order relationL. v is a list of vertices.

C3 = Poset@88c1, c2<, 8c2, c3<<D

h Graph:< 6,3,Directed >h

CU3 = Chain@3D

h Graph:< 6,3,Directed >h

Hasse@8C3, CU3<D

c1
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c3
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Basic features (2)
B2 = Poset@88"x", "y"<, 8"x", "z"<<D

h Graph:< 5,3,Directed >h

Hasse@B2D

x

y z

Relation@B2D

88x, x<, 8x, y<, 8x, z<, 8y, y<, 8z, z<<
Covering@B2D

88x, y<, 8x, z<<
PosetElements@B2D

8x, y, z<
|
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Investigating partitions of poset
[Cod08] Pietro Codara, A theory of partitions of partially ordered sets,
Ph.D. thesis, Università degli Studi di Milano, Italy (2008).

[Cod09]  Pietro  Codara,  Partitions  of  a  finite  partially  ordered  set,
From  Combinatorics  to  Philosophy:  The  Legacy  of  G.-C.  Rota,
Springer, New York (2009), 45--59.

? PosetPartitions

PosetPartitions@pD generates the list of all monotone partitions of a poset. Each monotone partition is represented as a graph. p is a poset. PosetPartitions@pD
outputs a list of graphs, and displays the total number of monotone partition of p, and the total number of cases analyzed by the function to obtain the monotone partitions.

? RegularPartitions

RegularPartitions@pD generates the list of all regular partitions of a poset. Each regular partition is represented as a graph. p is a poset. RegularPartitions@pD
outputs a list of graphs, and displays the total number of regular partition of p, and the total number of cases analyzed by the function to obtain the regular partitions.
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Monotone and regular partitions of a poset
PB2 = PosetPartitions@B2D;

Analyzed preorders: 16 − Poset Partitions: 7

CreateHasse@PB2, 8D
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RB2 = RegularPartitions@B2D;

Analyzed preorders: 5 − Regular Partitions: 5

CreateHasse@RB2, 6D
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Partitions of a poset: note on implemetation (1)
è In general, a monotone partitition returned by the function PosetPartitions is not a poset, but a preorder (i.e. the binary relation does not have the antisymmetric property). 

è If we apply the function Hasse to one of such partitions, we do not obtain an Hasse diagram, but a directed graph. 

Hasse@PB2@@4DDD

x

y

z
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Partitions of a poset: note on implemetation (2)
è The function PartitionToPoset solves this problem, by reducing blocks to single elements and concatenating labels.

Hasse@PartitionToPoset@PB2@@4DDDD

xy

z
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Regular partitions
è The poset...

Hasse@P = Poset@88"a", "b"<, 8"c", "d"<<DD

a

b

c

d

è The regular partitions...

CreateHasse@RegularPartitions@PD, 8D

Analyzed preorders: 15 − Regular Partitions: 14
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The lattice of regular partitions
? PosetPartitionLattice

PosetPartitionLattice@plistD returns the lattice structure of a given list of monotone or regular partitions plist. plist is usually obtained by using RegularPartitions or PosetPartitions.

è The poset...

x

y z

è The regular partitions...
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CreateHasse@MP = PosetPartitionLattice@RB2DD
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The lattice of monotone partitions
è The poset...
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è The monotone partitions...
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CreateHasse@RP = PosetPartitionLattice@PB2DD
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Additional features
Some functions of the package are particularly useful when the graphical output cannot offer any information on the lattice.

è The poset...

a b c d

x

y z

è The Lattice of regular partitions...

1234567891011121314 1516171819 202122 23242526272829303132 333435 36373839404142434445464748 495051525354555657585960 61626364 6566 67686970 717273747576777879808182 838485 868788899091 92939495969798 99100101102103104105106107108 109110111 112113114 115116 117118119 120121122123 124125126127128129130131 132133134 135136137138139140141142143 144145146147148149150151152153154155156157158159160161162163164165166167168 169170171172173174175176177178 179180181182183 184185186187188 189190191192193 194195196 197198199200201202203 204205 206207208209210211212213214215216217218219220 221222 223224225226227228229230231232233234235236 237238239240241242243244245246247248249250251252253254255256257258259260261262263264 265266267268269270271272273274275276277278279280281282283284285286287288289290291292293294295296297298299300301302303304305306307308309310311312313314315316317318319320321322323324325326327328329330331332333334335336337338 339340341342343344345346347348 349350351 352353354355356 357358359360 361362363364365366367 368369 370371 372373374375376377378379 380381382383384385386387388389390391392393 394395 396397398399 400401402403404405406407408409410411412413414415416417418419420421422423424425426427428429430431432433434435436437438439440441442443444445446447448449450451452453454455456457458459460461462463464465466467468 469470471472473474475476477478479480481482483484485486487488489490491
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Investigating the properties of the lattice
BigLattice = RegularPartitions@P4D;

Analyzed preorders: 877 − Regular Partitions: 491

WhitneyNumbers@BigLatticeD

81, 19, 107, 208, 131, 24, 1<

Atoms = AtomsPosition@BigLatticeD

82, 3, 4, 5, 6, 7, 15, 16, 20, 21, 23, 24, 25, 26, 33, 49, 50, 51, 61<

Coatoms = CoatomsPosition@BigLatticeD

8457, 458, 459, 460, 461, 462, 463, 464, 465, 466, 467, 468, 479, 480, 481, 482, 483, 484, 485, 486, 487, 488, 489, 490<
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Atoms
CreateHasse@BigLattice@@AtomsDD, 8D

ab c d

x

y z

a

by

c d

x

z ay

b c d

x

z

a b cd

x

y z

a b c

dz

x

y

a b

cz

d

x

y

ac b d

x

y z

ad b c

x

y z

a bc d

x

y z

a bd c

x

y z

ax

b c d

y z

a

bx

c d

y z

a b

cx

d

y z

a b c

dx

y z

a b c d

x

yz

a b

cy

d

x

z

a b c

dy

x

z

az

b c d

x

y

a

bz

c d

x

y

|

presentazione_UGM2010_printout.nb  15



Coatoms
CreateHasse@BigLattice@@CoatomsDD, 8D
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Partitions of chains (1)
In [Cod08, 6.2] it is proved that the monotone partition lattice  and the regular partition lattice of a chain with n elements are isomorphic, and that they are isomorphic to the Boolean lattice Bn-1.

Hasse@8PosetPartitionLattice@PosetPartitions@Chain@2DDD, PosetPartitionLattice@PosetPartitions@Chain@3DDD, PosetPartitionLattice@PosetPartitions@Chain@4DDD<D

Analyzed preorders: 2 − Poset Partitions: 2

Analyzed preorders: 8 − Poset Partitions: 4

Analyzed preorders: 64 − Poset Partitions: 8
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Partitions of chains (2)
Hasse@8PosetPartitionLattice@RegularPartitions@Chain@2DDD,

PosetPartitionLattice@RegularPartitions@Chain@3DDD, PosetPartitionLattice@RegularPartitions@Chain@4DDD<D
Analyzed preorders: 2 − Regular Partitions: 2

Analyzed preorders: 5 − Regular Partitions: 4

Analyzed preorders: 15 − Regular Partitions: 8
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Partitions of chains (3)
Hasse@8BooleanAlgebra@1D, BooleanAlgebra@2D, BooleanAlgebra@3D<D
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A case of counting (1)
We study an enumerating problem solved in [Cod08, 6.4]. We want to count all regular partitions of a family of posets  M1, M2, M3, ...

M1 = Poset@88"r", "a"<, 8"a", "t"<<D; M2 = Poset@88"r", "a"<, 8"r", "b"<, 8"b", "t"<, 8"a", "t"<<D;
M3 = Poset@88"r", "a"<, 8"r", "b"<, 8"r", "c"<, 8"c", "t"<, 8"b", "t"<, 8"a", "t"<<D;
M4 = Poset@88"r", "a"<, 8"r", "b"<, 8"r", "c"<, 8"r", "d"<, 8"d", "t"<, 8"c", "t"<, 8"b", "t"<, 8"a", "t"<<D;
M5 = Poset@88"r", "a"<, 8"r", "b"<, 8"r", "c"<, 8"r", "d"<, 8"r", "e"<, 8"e", "t"<, 8"d", "t"<, 8"c", "t"<, 8"b", "t"<, 8"a", "t"<<D;

Hasse@8M1, M2, M3, M4, M5<, 6D
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A case of counting (2)
RegularPartitions@ÓD & ê@ 8M1, M2, M3, M4, M5<;

Analyzed preorders: 5 − Regular Partitions: 4

Analyzed preorders: 15 − Regular Partitions: 11

Analyzed preorders: 52 − Regular Partitions: 38

Analyzed preorders: 203 − Regular Partitions: 152

Analyzed preorders: 877 − Regular Partitions: 675

The following formula count the total number of regular partitions of the poset Mi .

Bi+2 − Bi+1 + 1

The number Bn is the nth Bell number, and it is computed by the Mathematica function BellB[n].

Table@BellB@n + 2D − BellB@n + 1D + 1, 8n, 1, 15<D

84, 11, 38, 152, 675, 3264, 17 008, 94 829, 562 596, 3 535 028, 23 430 841, 163 254 886, 1 192 059 224, 9 097 183 603, 72 384 727 658<
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Thank you for your attention
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