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1. Introduction and motivation.

In this paper by a fuzzy set we mean a function f : [0, 1] → [0, 1], with
[0, 1] ⊆ R the real unit interval. Throughout, we fix an integer n > 0, and a
finite, non-empty family

P = {f1, . . . , fn}
of fuzzy sets. We further assume that each fi ∈ P is a continuous function.

This paper addresses the general question, what is the logical content of the
family of fuzzy sets P . To clarify the issue it is appropriate to consider the way
P is used in applications. By way of prototypical example, let us discuss the
rôle of fuzzy sets in the fuzzy approach to control systems. BLAH BLAH

2. Preliminaries and background.

2.1. Properties of fuzzy sets.

Often, fuzzy sets are required to satisfy additional conditions that are deemed
useful for the specific application under consideration. Here is a popular one
that is usually traced back to [29, p. 28]. We say P is a Ruspini partition if for
all x ∈ [0, 1]

n∑
i=1

fi(x) = 1 . (1)
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We say P is 2-overlapping if for all x ∈ [0, 1] and all triples of indices i1 6= i2 6= i3
one has

min {fi1(x), fi2(x), fi3(x)} = 0 . (2)

Figure 1 shows a family of fuzzy sets which is both Ruspini and 2-overlapping.

Figure 1: A Ruspini and 2-overlapping family of fuzzy sets.

The Ruspini and the 2-overlapping conditions (1–2) apply to a family of
fuzzy sets. In the literature, several properties applicable to a single fuzzy set
have been considered too. One of these we are assuming throughout, as stated
at the beginning; namely, continuity. Further, a fuzzy set f : [0, 1] → [0, 1] is
normal if there exist x ∈ [0, 1] such that f(x) = 1. If, moreover, f(y) 6= 1
for all y ∈ [0, 1] with y 6= x, we say that f is strongly normal. The fuzzy sets
f1, f2, and f3 depicted in Figure 1 are strongly normal. The last property we
wish to consider is convexity. Classically, f : [0, 1] → [0, 1] is convex if for all
x, y, λ ∈ [0, 1], with x 6= y, Abbiamo invertito il

segno della
disuguaglianza!!!!!! (e
forse la convessita’
classica non ci serve,
nemmeno sotto -il
restringimento al
supporto-

f(λx+ (1− λ)y) ≥ λf(x) + (1− λ)f(y). (3)

Following [8, p. 25], it is common to consider a weaker form of convexity. The
function f is min-convex 1 if for all x, y, λ ∈ [0, 1],

f(λx+ (1− λ)y) ≥ min(f(x), f(y)), (4)

and it is strictly min-convex if

f(λx+ (1− λ)y) > min(f(x), f(y)). (5)

Further, we shall need a localised version of convexity. Let us call Sf = {x ∈
[0, 1] | f(x) > 0} the support of f . We say f is convex on its support if (3) holds
for each x, y ∈ [0, 1] such that [x, y] ⊆ Sf . We define the notions of (strict)
min-convexity of f on its support in the same manner, mutatis mutandis.

Figure 2(a) shows a min-convex fuzzy set. On the other hand, the fuzzy set
in Figure 2(b) is not min-convex.

1We adopt this terminology to avoid confusion with convexity proper.
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(a) Min-convex fuzzy set. (b) Non min-convex fuzzy
set.

Figure 2: Min-convexity.

Lemma 2.1. A fuzzy set f is min-convex if and only if for any 0 ≤ x < z <
y ≤ 1 we have that

if f(z) < f(x) then f(y) ≤ f(z) .

Moreover, f is strictly min-convex if and only if for any 0 ≤ x < z < y ≤ 1 we
have that

if f(z) ≤ f(x) then f(y) < f(z) .

Proof. This is a straightforward verification.

Finally, ...

Definition 2.1. A finite family P = {f1, . . . , fn} of continuous fuzzy sets is sep-
arating if for all x, y ∈ [0, 1], with x 6= y, {f1(x), . . . , fn(x)} 6= {f1(y), . . . , fn(y)}.

Instead of asking that P (or its members) satisfy a given general property
such as the ones above, we can decide to restrict the choice of fuzzy sets to a
prototypical class of functions. So, for example, a fuzzy system might use only
sigmoid, or triangular, or trapezoidal functions only. Concerning the triangular
case, it is common to require that the various fuzzy sets fit together nicely, as
in the following definition that is central to our paper.

Definition 2.2. A finite family P = {f1, . . . , fn} of continuous fuzzy sets is a
pseudo-triangular basis if there exist 0 = t1 < t2 < · · · < tn−1 < tn = 1 such
that (up to a permutation of the indices) for each i = 1, . . . , n− 1

a) fi(ti) = 1, fi(ti+1) = 0,

b) fj(x) = 0, for x ∈ [ti, ti+1], j 6= i, i+ 1,

c) fi+1(x) = 1− fi(x), for x ∈ [ti, ti+1], and

d) fi, fi+1 are bijective when restricted to [ti, ti+1].

Further, P is a triangular basis if the following condition holds in place of d).
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Figure 3: A pseudo-triangular basis.

d∗) fi, fi+1 are linear over [ti, ti+1].

Figure 3 shows a pseudo triangular basis of fuzzy sets.

Remark 1. It is straightforward to show that a finite family {f1, . . . , fn} of
continuous fuzzy sets is a triangular basis if and only if there exist 0 = t1 <
t2 < · · · < tn−1 < tn = 1 such that (up to a permutation of the indices) for each
i ∈ n,

i) fi(ti) = 1,
ii) fi(tj) = 0, for j 6= i, and

iii) fi is linear on each interval [tk, tk+1], k = 1, . . . , n− 1.

2.2.  Lukasiewicz logic.

 Lukasiewicz (infinite-valued propositional) logic is a non-classical many-
valued system going back to the 1920’s, cf. the early survey [21, §3], and its
annotated English translation in [33, pp. 38–59]. The standard modern refer-
ence for  Lukasiewicz logic is [3], while [25] deals with topics at the frontier of
current research.  Lukasiewicz logic can also be regarded as a member of a larger
hierarchy of many-valued logics that was systematised by Petr Hájek in the late
Nineties, cf. [16]. Here we recall some basic notions.

Let us fix once and for all the countably infinite set of propositional variables:

Var = {X1, X2, . . . , Xn, . . .} .

Let us write ⊥ for the logical constant falsum, ¬ for the unary negation connec-
tive, and→ for the binary implication connective. (Further derived connectives
are introduced below.) The set Form of (well-formed) formulæ2 is defined
exactly as in classical logic over the language {⊥,¬,→}.

The  Lukasiewicz calculus is defined by the five3 axiom schemata

2A set of conventions for omitting parentheses in formulæ is usually adopted (⊥ is more
binding than ¬, and ¬ is more binding than →), and later extended to derived connectives.
We do not spell the details here, as the conventions are analogous to the ones in classical logic,
and are unlikely to cause confusion.

3In [3, Chapter 4] the language has no logical constants, and consequently (A0) does not
appear as an axiom. We prefer to explicitly have ⊥ in the language, and thus we add Ex falso
quodlibet to the standard axiomatisation.
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(A0) ⊥ → α (Ex falso quodlibet.)

(A1) α→ (β → α) (A fortiori.)

(A2) (α→ β)→ ((β → γ)→ (α→ γ)) (Implication is transitive.)

(A3) ((α→ β)→ β)→ ((β → α)→ α) (Disjunction is commutative.)

(A4) (¬α→ ¬β)→ (β → α) (Contraposition.)

with modus ponens as the only deduction rule. Provability is defined exactly as
in classical logic; ` α means that formula α is provable. We write L to denote
 Lukasiewicz logic.

The logical constant verum (>), conjunction (∧), disjunction (∨), and the bi-
conditional (↔) are defined as in Table 1. From the definition of disjunction one
sees that (A3) indeed asserts the commutativity of disjunction. Other common
derived connectives are reported in the same table, with their definition. Some

Notation Definition Name Idempotent

⊥ – Falsum –
> ¬⊥ Verum –
¬α – Negation –

α→ β – Implication –
α ∨ β (α→ β)→ β (Lattice) Disjunction Yes
α ∧ β ¬(¬α ∨ ¬β) (Lattice) Conjunction Yes
α↔ β (α→ β) ∧ (β → α) Biconditional –
α⊕ β ¬α→ β Strong disjunction No
α� β ¬(α→ ¬β) Strong conjunction No
α	 β ¬(α→ β) But not, or Difference –

Table 1: Connectives in  Lukasiewicz logic.

remarks are in order. Using the biconditional, one defines formulæ α, β ∈ Form
to be logically equivalent just in case ` α↔ β holds. The connectives � and ⊕
are then De Morgan dual: α⊕β is logically equivalent to ¬(¬α�¬β), and α�β
is logically equivalent to ¬(¬α ⊕ ¬β). These connectives, known as the strong
disjunction (⊕) and strong conjunction (�) of L , play a central rôle both in
Hájek’s treatment of many-valued logics [16], and in Chang’s algebraisation of
L via MV-algebras [3]. They are not idempotent, in the sense that α⊕ α and
α are not logically equivalent: only the implication α→ α⊕α is provable; dual
considerations apply to �. Conjunction (∧) and disjunction (∨) also are De
Morgan dual, but they are idempotent; in fact, they are sometimes called the
lattice connectives because they induce the structure of a distributive lattice in
the algebraic semantics of L . Finally, the connective 	 is the co-implication,
i.e. the dual to →.

If S ⊆ Form is any set of formulæ, one writes S ` α to mean that α is
provable in  Lukasiewicz logic, under the additional set of assumptions S. When
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this is the case, one says that α is a syntactic consequence of S. Since each
one of (A0–A4) is a principle of classical reasoning, and since modus ponens is
a classically valid rule of inference, each formula provable in L is a theorem of
classical propositional logic. The converse is not true: most notably, the tertium
non datur law, α ∨ ¬α, is not provable in  Lukasiewicz logic; this is one simple
consequence of the completeness theorem to be recalled shortly. In fact, it can
be shown that the addition of α∨¬α as a sixth axiom schema to (A0–A4) yields
classical logic.

By a theory in  Lukasiewicz logic one means any set of formulæ that is closed
under provability, i.e. is deductively closed. For any S ⊆ Form, the smallest
theory that extends S exists: it is the deductive closure S` of S, defined by α ∈
S` if, and only if, S ` α. A theory Θ is consistent if Θ 6= Form, and inconsistent
otherwise; and it is maximal, or maximally consistent, if it is consistent, and
whenever α ∈ Form is such that α 6∈ Θ, then (Θ∪{α})` = Form, i.e. Θ∪{α}
is inconsistent. A theory Θ is axiomatised by a set S ⊆ Form of formulæ if
it so happens that Θ = S`; and Θ is finitely axiomatisable if S can be chosen
finite.

Let us now turn to the [0, 1]-valued semantics. An atomic assignment, or
atomic evaluation, is an arbitrary function w : Var → [0, 1]. Such an atomic
evaluation is uniquely extended to an evaluation of all formulæ, or possible
world, i.e. to a function w : Form→ [0, 1], via the compositional rules:

w(⊥) = 0 ,

w(α→ β) = min {1, 1− (w(α)− w(β))} ,
w(¬α) = 1− w(α) .

It follows by trivial computations that the formal semantics of derived connec-
tives is the one reported in Table 2.2. Tautologies are defined as those formulæ
that evaluate to 1 under every evaluation. Let us write � α to mean that the

Notation Formal semantics

⊥ w(⊥) = 0
> w(>) = 1
¬α w(¬α) = 1− w(α)

α→ β w(α→ β) = min {1, 1− (w(α)− w(β))}
α ∨ β w(α ∨ β) = max {w(α), w(β)}
α ∧ β w(α ∧ β) = min {w(α), w(β)}
α↔ β w(α↔ β) = 1− |w(α)− w(β)|
α⊕ β w(α⊕ β) = min {1, w(α) + w(β)}
α� β w(α� β) = max {0, w(α) + w(β)− 1}
α	 β w(α	 β) = max {0, w(α)− w(β)}

Table 2: Formal semantics of connectives in  Lukasiewicz logic.

formula α ∈ Form is a tautology. The relativisation of this concept to theories
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leads to the notion of semantic consequence. Let S ⊆ Form be any subset, and
let Θ = S` be its associated theory. Given α ∈ Form, the assertion S � α
states that any evaluation w : Form→ [0, 1] that satisfies w(S) = {1}— mean-
ing that w(β) = 1 for each β ∈ S — must also satisfy w(α) = 1. When this is
the case, we say that α is a semantic consequence of S. We write S� for the set
of semantic consequences of S.

It is an exercise to check that L enjoys the generalised validity theorem: for
any S ⊆ Form and any α ∈ Form, if S ` α then S |= α. (For a proof, see [3,
4.5.1].) On the other hand, it is a non-trivial theorem that L is complete4 with
respect to the many-valued semantics above: hence ` α if, and only if, |= α,
for any α ∈ Form. The first proof of this appeared in [27]; see also [3, 4.5.1 &
4.5.2].

All of the above can be adapted in the obvious manner to the finite set
Varn = {X1, . . . , Xn}, in which case one speaks of  Lukasiewicz logic over n
(propositional) variables, denoted Ln. Although, strictly speaking, one should
introduce fresh consequence relation symbols `n and �n for each Ln, we will
avoid this pedantry and use ` and � in all cases; context will do the rest. We will
write Formn for the set of formulæ whose propositional variables are contained
in Varn.

2.3. The theory induced by a family of fuzzy sets.

Definition 2.3. (1) An assignment µ : Formn → [0, 1] is realised by P (at
x ∈ [0, 1]) if µ(Xi) = fi(x) for each i = 1, . . . , n.

(2) The theory ΘP ⊆ Formn associated with P is defined as the set of
formulas ϕ ∈ Formn such that µ(ϕ) = 1 whenever the assignment µ : Formn →
[0, 1] is realised by P .

We record the following simple fact for later use.

Lemma 2.2. The set ΘP ⊆ Formn defined as in Definition 2.3 is indeed a
theory, i.e. a deductively closed set of formulæ.

Proof. For suppose ϕ ∈ Formn is such that ΘP ` ϕ. Since  Lukasiewicz logic is
sound with respect to [0, 1]-valued assignments [3, 4.5.1], it follows that ΘP � ϕ.
If now the assignment µ is realised by P , by definition it evaluates to 1 each
formula in ΘP ; from ΘP � ϕ we have µ(ϕ) = 1, too, and therefore ϕ ∈ ΘP .
Hence ΘP is a theory.

Remark 2. Notice that Lemma 2.2 would hold (by the above proof) for any [0, 1]-
valued logic that satisfies the minimal requirement of soundness with respect to
[0, 1]-valued assignments. In other words, any collection of fuzzy sets gives rise
to a theory in any given [0, 1]-valued logic.

4However, L fails strong completeness (i.e. completeness for theories): there is a set
S ⊆ Form and a formula α ∈ Form such that S |= α, but S 6` α; see [3, 4.6].
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3. Characterisation of pseudo-triangular bases of fuzzy sets.

We define a continuous map

TP : [0, 1]→ [0, 1]n

associated with P by
t 7→ (f1(t), . . . , fn(t)) .

We write ranTP = TP ([0, 1]) for the range of TP .

Recall5 that the fundamental simplex in Rn, denoted by ∆n, is the convex
hull of the standard basis of Rn; the latter is denoted {e1, . . . , en}. In symbols,

∆n = Conv {e1, . . . , en} .

A face of dimension k of ∆n is a subset Conv {ei1 , . . . , eik+1
} ⊆ ∆n, for 1 ≤ i1 <

i2 < · · · < ik+1 ≤ n. A vertex is a 0-dimensional face. The 1-skeleton of ∆n,

written ∆
(1)
n , is the collection of all faces of ∆n having dimension not greater

than 1.6

We say ranTP is a Hamiltonian path if there is a permutation π : n → n
such that

ranTP =

n−1⋃
i=1

Conv {eπ(i), eπ(i+1)} (6)

Theorem I. The following are equivalent.

i) P is a pseudo-triangular basis.

ii) P is a 2-overlapping Ruspini partition and each fi ∈ P is strongly normal,
min-convex, and strictly min-convex on its support.

iii) The map TP : [0, 1] → [0, 1]n is injective, and ranTP is a Hamiltonian

path on ∆
(1)
n .

Proof. References a), b), c), and d) in the following proof identify the items in
Definition 2.2.

i) ⇒ iii). By b) and c), we immediately obtain that

ranTP ⊆ ∆(1)
n . (7)

By a), there exist 0 = t1 < t2 < · · · < tn = 1 such that, up to a permutation of
the indices,

TP (ti) = ei , for each i = 1, . . . , n . (8)

5For background on the few basic notions from piecewise linear geometry we use here,
please see [28].

6Thus, ∆
(1)
n happens to be a graph.
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Let us fix an interval [ti, ti+1], for some i ∈ {1, . . . , n − 1}. By (7–8) and b),
TP ([ti, ti+1]) ⊆ Conv {ei, ei+1}. Again by (8), since TP is continuous, using the
intermediate value theorem we obtain

TP ([ti, ti+1]) = Conv {ei, ei+1} . (9)

Thus,

ranTP =

n−1⋃
i=1

T ([ti, ti+1]) =

n−1⋃
i=1

Conv {ei, ei+1} ,

that is, ranTP is a Hamiltonian path.

It remains to show that TP is injective. If not (absurdum hypothesis), there
exist x, y ∈ [0, 1], with x < y such that TP (x) = TP (y). Then (9) entails that
x, y ∈ [ti, ti+1], for some i. But the fact that fi(x) = fi(y) and fi+1(x) =
fi+1(y), for x 6= y, contradicts d).

iii) ⇒ ii). Since ranTP ⊆ ∆n, we have
∑n
i=1 fi(x) = 1 for all x ∈ [0, 1],

that is, P is a Ruspini partition. Since ranTP ⊆ ∆
(1)
n , (f1(x), . . . , fn(x)) has at

most 2 non-zero coordinates, for each x ∈ [0, 1], that is, P is 2-overlapping. By

the definition of Hamiltonian path, ranTP contains all vertices of ∆
(1)
n . Thus,

each fi is normal. Since, moreover, TP is injective, each fi is strongly normal.

Up to a permutation of the indices, there exist t1 < t2 < · · · < tn−1 < tn,
such that TP (ti) = ei, for each i = 1, . . . , n. Moreover, by the intermediate
value theorem we have TP ([ti, ti+1]) ⊇ Conv {ei, ei+1}, i = 1, . . . , n − 1. But
since TP is injective it follows at once that

TP ([ti, ti+1]) = Conv {ei, ei+1}, i = 1, . . . , n− 1. (10)

Now (10) implies, for each i ∈ {2, . . . , n− 1},

fi(x) < fi(y) , for ti−1 ≤ x < y ≤ ti ; (11)

fi(x) > fi(y) , for ti ≤ x < y ≤ ti+1 ; (12)

fi(x) = 0 , for x ≤ ti−1 or x ≥ ti+1 . (13)

Indeed, (13) is immediate, and (11) follows from the injectivity of TP : if fi(x) =
fi(y) then fi−1(x) = 1 − fi(x) = 1 − fi(y) = fi−1(y), so that TP (x) = TP (y),
a contradiction. The proof of (12) is analogous. Similar arguments show that,
for each 0 ≤ x < y ≤ 1, f1(x) ≥ f1(y) and fn(x) ≤ fn(y).

We can now show that fi is min-convex, for each i = 1, . . . , n. By Lemma
2.1 it suffices to show that whenever 0 ≤ x < y < z ≤ 1, and fi(x) > fi(y),
then fi(y) ≥ fi(z). The cases i = 1 and i = n are trivial; assume 1 < i < n.
Since fi(x) > 0, we have ti−1 < x < ti+1 by (11–13). If x ≥ ti, by (12)
and (13), fi(y) ≥ fi(z). If x < ti, then, by (11), y > ti. Using (12–13), we
obtain fi(y) ≥ fi(z). In each case, if fi(x) > fi(y), then fi(y) ≥ fi(z). A
similar argument using (11–13) and Lemma 2.1 proves that each fi is strictly
min-convex on its support.
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ii) ⇒ i). Since each fi is strongly normal, and P is Ruspini, there exist
0 ≤ t1 < t2 < · · · < tn−1 < tn ≤ 1 such that (up to a permutation of the
indices) for each i = 1, . . . , n we have

fi(ti) = 1, fi(tj) = 0, for j 6= i . (14)

Moreover, t1 = 0, tn = 1. For suppose t1 > 0 (absurdum hypothesis). Then
fi(0) < 1 for each i = 1, . . . , n. Since

∑n
i=1 fi(0) = 1, and since P is 2-

overlapping, there are exactly two indices h > k ∈ n such that fh(0), fk(0) > 0.
Moreover, since h > 1, by (14) we have fh(t1) = 0 and fh(th) = 1. By Lemma
2.1, we conclude that fh is not min-convex, a contradiction. Thus t1 = 0. A
similar argument shows tn = 1. Summing up, there exist 0 = t1 < t2 < · · · <
tn−1 < tn = 1 such that (14) holds. It immediately follows that a) holds, too. In
order to prove b), c), and d) let us fix an interval [ti, ti+ 1], for i = 1, . . . , n− 1.

To prove b), suppose by way of contradiction that there exists j 6= i, i + 1
such that fj(x) > 0 for some x ∈ [ti, ti+1]. Say j < i. Since, by (14), x 6= ti, ti+1,
we have that, on tj < ti < x, fj takes values fj(tj) = 1, fj(ti) = 0, fj(x) > 0.
By Lemma 2.1, fj is not min-convex, a contradiction. The argument for j > i
is analogous, and condition b) is proved.

From b) and the hypothesis that P is Ruspini, we immediately obtain c).

It remains to prove d). By (14), fi(ti) = fi+1(ti+1) = 1 and fi(ti+1) =
fi+1(ti) = 0. Moreover, since fi and fi+1 are strongly normal, and P is Ruspini,
using b) we have

0 < fi(x), fi+1(x) < 1 , for all x ∈ (ti, ti+1) . (15)

Since fi, fi+1 are continuous, by the intermediate value theorem they are surjec-
tive when restricted to [ti, ti+1]. Suppose now that there exist y < z ∈ (ti, ti+1)
such that fi(y) = fi(z) (absurdum hypothesis). Observe that, by (15), [y, z] is
contained in the support of fi and fi+1. Pick w ∈ (y, z). If fi(w) ≤ fi(y), then,
by Lemma 2.1, fi is not strictly min-convex on its support, a contradiction. If
fi(w) > fi(y), then, by c),

fi+1(w) = 1− fi(w) < 1− fi(y) = fi+1(y) = fi+1(z) .

Thus fi+1 is not strictly min-convex on its support, a contradiction. Therefore,
fi and fi+1 are injective, and d) holds.

4. Axiomatisation of pseudo-triangular bases.

We prepare the following formulæ in Formn.

ρ = X1 ⊕X2 ⊕ · · · ⊕Xn , (16)

αij = ¬(Xi �Xj) , for i, j = 1, . . . , n, and |i− j| = 1, (17)

βij = ¬(Xi ∧Xj) , for i, j = 1, . . . , n, and |i− j| > 1. (18)
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We further set

A = {ρ} ∪ {αij | i, j = 1, . . . , n, and |i− j| = 1}
∪ {βij | i, j = 1, . . . , n, and |i− j| > 1} .

To prove our Theorem II, the following lemma is needed.

Lemma 4.1. The 1-set of the set of formulæ A is precisely the Hamiltonian
path

⋃n−1
i=1 Conv {ei, ei+1}.

Proof. For n = 3 the proof is provided by Figures 4, 5 and 6.

Figure 4: 1-set of (18).

In general, let I1 be the 1-set of (18). Then (x1, . . . , xn) ∈ I1 iff for all
i, j ∈ {1, . . . , n} such that |i − j| > 1, 1 − min{xi, xj} = 1, that is, iff one
between xi and xj equals 0. Thus, if Fi is the 2-dimensional face of [0, 1]n

containing both ei and ei+1, we have I1 =
⋃i=1
n−1 Fi.

Let now I2 be the 1-set of (17–18). Then, (x1, . . . , xn) ∈ I2 iff for all i ∈
{1, . . . , n − 1}, 1 −max{0, xi + xi+1 − 1} = 1, that is, iff xi + xi+1 ≤ 1. Thus,

I2 =
⋃n−1
i=1 Conv {0, ei, ei+1}.

Finally, let I3 be the 1-set of (16–18), i.e. of A. Then, (x1, . . . , xn) ∈ I3 iff

min{1, x1 + · · ·+ xn} = 1. Thus, I3 =
⋃n−1
i=1 Conv {ei, ei+1}.

Theorem II. The following are equivalent.

i) P is a pseudo-triangular basis of fuzzy sets.
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Figure 5: 1-set of (17–18).

Figure 6: 1-set of (16–18).

ii) P is separating, and ΘP = A`.

Proof. i)⇒ ii). It is immediate to check that a pseudo-triangular basis of fuzzy
sets is separating.

We next show that A ⊆ ΘP . To this aim, let µ : Formn → [0, 1] be an
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assignment realised by P at x. By Definition 2.3:

µ(ρ) = min{1, µ(X1) + · · ·+ µ(Xn)} = min{1, f1(x) + · · ·+ fn(x)} ;

µ(αij) = 1−max{0, µ(Xi) + µ(Xj)− 1} = 1−max{0, fi(x) + fj(x)− 1} ,
for i, j = 1, . . . , n, and |i− j| = 1;

µ(βij) = 1−min{µ(Xi), µ(Xj)} = 1−min{fi(x), fj(x)} ,
for i, j = 1, . . . , n, and |i− j| > 1.

By c) in Definition 2.2, µ(ρ) = 1, and µ(αij) = 1 for all i, j = 1, . . . , n such that
|i − j| = 1. By b) in Definition 2.2, for |i − j| > 1, at least one between fi(x)
and fj(x) equals 0. Thus, µ(βij) = 1, for all i, j = 1, . . . , n, and |i − j| > 1.
Hence A ⊆ ΘP , indeed. By Lemma 2.2 we therefore have A` ⊆ ΘP .

It remains to prove that A` ⊇ ΘP . Let IA be the 1-set of A. By Lemma 4.1
we have

IA =

n−1⋃
i=1

Conv {ei, ei+1} . (19)

On the other hand, by Theorem 3 we have

ranTP =

n−1⋃
i=1

Conv {ei, ei+1} . (20)

Hence IA = ranTP by (19–20). If now ϕ ∈ ΘP , and Iϕ is its 1-set, then each
assignment realised by P at some point of [0, 1] satisfies ϕ by the definition of
ΘP , and therefore we have Iϕ ⊇ IA. By the definition of semantic consequence
we may rewrite the latter inclusion as ϕ ∈ A�. Since A is a finite set, by the
Hay-Wójcicki’s Theorem [3, 4.6.7] we conclude A|= = A`, as was to be shown.

ii)⇒ i) That P is separating is evidently equivalent to the fact that the map
TP : [0, 1] → [0, 1]n is injective, so let us assume the latter for the rest of this
proof. Writing again IA for the 1-set of A, by Lemma 4.1 we have (19). Hence
it suffices to show

ranTP = IA , (21)

for then Theorem I implies that P is a pseudo-triangular basis of fuzzy sets.
To prove the inclusion ranTP ⊆ IA, let x = (x1, . . . , xn) ∈ ranTP . Then

the assignment µ(Xi) = xi is realised by P at x, and thus µ � ΘP by the
definition of ΘP . Since ΘP = A` by assumption, and since A is finite, by the
Hay-Wójcicki’s Theorem [3, 4.6.7] we have ΘP = A�, and therefore in particular
µ � A.

To prove the converse, let us set R = ranTP ⊆ IA. Assume by way of
contradiction that R ⊂ IA, i.e. there is x ∈ IA such that x 6∈ R. Therefore, if
we set D = IA \ {x}, we have R ⊆ D. But since R is the continuous image
of a connected set, namely [0, 1], it is itself connected, whereas by (19) we
see that D has two connected components D1 and Dn containing e1 and en,
respectively. Hence either R ⊆ D1, or R ⊆ Dn. Say the former holds, without
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loss of generality, so that en 6∈ R. Next observe that R must be a closed set in
the metric space IA, the latter endowed with the metric d(·, ·) induced by the
Euclidean distance of [0, 1]n: indeed, this is a special case of the well-known
closed map lemma, stating that a continuous map from a compact space to a
Hausdorff (in particular, metric) space must be closed (=must send closed sets
to closed sets). Hence en is an interior point of IA \R, and thus there is an open
set U ≡ U(en, ε0) = {x ∈ IA | d(en, x) < ε0}, for some real number ε0 > 0, such
that U ∩R = ∅. For an integer k ≥ 1, let us consider the formula in Formn

ϕk = ¬Xn ⊕ · · · ⊕ ¬Xn︸ ︷︷ ︸
k times

.

Further, let Iϕk be the 1-set of ϕk. Direct inspection shows that Iϕk =
{(x1, . . . , xn) ∈ [0, 1]n | xn ≤ k−1

k }. Let k0 ≥ 1 be the least integer that
satisfies

k0 ≥
√

2

ε0
.

Then a simple computation shows

R ⊆ Iϕk0
. (22)

By (22) we infer at once
ϕk0 ∈ ΘP . (23)

On the other hand, the assignment µ : Formn → [0, 1] such that µ(Xn) = 1 and
µ(Xi) = 0, for i = 1, . . . , n− 1, satisfies µ(ϕk0) = 0 and evaluates each formula
in A to 1, because {en} ∈ IA. Hence ϕk0 6∈ A�, and therefore

ϕk0 6∈ A` (24)

by soundness [3, 4.5.1]. Now (23–24) yield the desired contradiction ΘP 6=
A`.

5. Further research.
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[14] G. Frege, Über Sinn und Bedeutung, Zeitschrift für Philosophie und
philosophische Kritik 100 (1892) 25–50. English translation as ‘On Sense
and Reference’ by Max Black. In P.T. Geach and M. Black (eds.), Transla-
tions form the Philosophical Writings of G. Frege, Blackwell, Oxford, 2nd
ed., 1960.

15



[15] S. Haack, Do we need “fuzzy logic”?, Internat. J. Man-Mach. Stud. 11
(1979) 437–445. Special issue on fuzzy reasoning (Workshop, Queen Mary
Coll., London, 1978).
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