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This is a joint work with O. M. D’Antona and V. Marra. In this work, we
consider possible generalisations of the basic expansion xn =

∑n
k=0

{
n
k

}
(x)k to

multisets arising as Birkhoff duals of finite MV algebras.
Following [1], we consider the category Cfin whose objects are finite multisets,

i.e. functions α : A → N, with A a finite set. A morphism f : α → γ between
multisets α : A → N and γ : C → N is a function f : A → C such that for all a ∈ A,
γ ◦ f(a) | α(a) , where s | t stands for “s divides t”.

One sees [1, Theorem 6.8] that Cfin is dually equivalent to the category of finite
MV-algebras [2]. MV-algebras are to Boolean algebras as ÃLukasiewicz logic is to
Boolean logic. Thus, our multisets generalize sets in the same sense as ÃLukasiewicz
logic generalize classical logic.

To generalize xn =
∑n

k=0

{
n
k

}
(x)k, we proceed as follows. We associate with

a multiset α a partition ν of an integer determined by its multiplicities. We say
that α is a ν-set. Then, we introduce the notions of weak and strong partitions of
a multiset, and write

{{
ν
κ

}}
and

{
ν
κ

}
for the number of weak κ-partitions (i.e.,

partitions which are κ-sets) and strong κ-partitions of a ν-set, respectively. We also
introduce the notions of weak subset and strong subset in an appropriate manner,
and write ((χ))ν and (χ)ν for the number of weak ν-subsets and strong ν-subsets
of a χ-set, respectively. Let χν denote the number of functions from a ν-set to a
χ-set. The promised generalisations of xn =

∑n
k=0

{
n
k

}
(x)k are obtained as follows.

Theorem. For any two partitions of integers ν and χ, we have∑
κ

{{
ν
κ

}}
(χ)κ = χν =

∑
κ

{
ν
κ

}
((χ))κ ,

where κ ranges over all partitions of a integer.
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